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UNIT 2. HYDROSTATICS
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One cleaner way of writing this is

EpY: Xgi)((“r Zi) _ 3 Xiyz. (2.20)

For example, for a neutral gas we have
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where it is standard to write mass fractions X for hydrogen, Y for helium, and Z for everything else
(metals), where X +Y + Z = 1.

A; is an average over metals, which at solar composition is about 15.5.

For a fully ionized gas
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where for metals we usually approximate (Z; + 1)/A; = 1/2 (roughly equal number of protons and
neutrons). We’ve eliminated Y in this expression through Y =1—- X — Z.

IN CLASS WORK

Compute the mean molecular weight for (1) the ionized solar photosphere, where we have 90%
hydrogen, 9% helium, and 1% heavy elements, (2) the ionized solar interior where 71% hydrogen,
27% helium, and 2% heavy elements, (3) completely ionized hydrogen, (4) completely ionized
helium, and finally (5) neutral gas at the solar interior abundance.

Answer: (1) For the photosphere we can write
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or u~ 0.53.
(2) For the interior we can write

2 3 1
—1
=0.71- +0.27- + 0.02= = 1.63
1 + 4 + 2 ’

or i~ 0.61.

(3) For hydrogen, we will take X = Z = A =1, and find then that 1/u = 2.
(4) For helium, X =Z =0and Y =1, so . =4/3.

(5) For a neutral gas, we have

1
L=o0.71 027 0.02—— = 0.779,
+ + 15.5

or u~ 1.28.

e From the above, we can also consider separately the mean molecular weight for ions and electrons.
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e For ions, define uy as

(2.24)
Recall that X
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So that
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e This result should make sense, since above in Equation (2.21) we did not consider electrons.

e For electrons it’s a bit harder since not all electrons need be free. But we will still define the mean
molecular weight per election pie:

e = —F (2.27)

HeTlly

e Fully ionized, each atom contributes Z electrons. If an ion is partially ionized, we can consider the
fraction yZ. (To compute the proper fraction of ionization of a gas (n.), one needs to use the Saha
equation).

o As before then X
p .
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which defines

fe = ZTJ . (2.29)

e So finally
n=mn.+n = P , (2.30)
T
where
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IN CLASS WORK

Compute an expression for pue in the deep stellar interior as a function only of X. Ignore metals.

Answer: Fully ionized case. We can write
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This should make sense. For a full H gas, the mean mass of particles per number of electrons (1/1) is 1.
For a He gas (X = 0), we have a mass of 4 divided by 2 electrons, or u. = 2.
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2.3.3 Maxwell-Boltzmann statistics

e The relation of Equation (2.8) to classical probability functions is found through Equation (2.36) and
Equation (2.37).

e In momentum space

4 2 /9m
fo)dp = o e PHAmET 2 dp, (2.32)
e In energy space
2
f(E)dE = ——— ¢ P/F\/EJE. (2.33)
kT
e In velocity space
m 3/2 2
fw)dv =4n <2 A T> e/ 2R 2 g, (2.34)
kg

2.3.4 Ideal monatomic gas

e As a first demonstration, we consider a gas of single species nonrelativistic particles. We will be using
Equation (2.8).

e Their energy is E = p?/2m. Consider one energy level E; = Ey.

e For this system, the chemical potential goes to negative infinity (as we’ll see), so the exponential term
is large, and the +1 term can be safely ignored.

e The number density of particles in any given momentum state p is

n(p) = % ¢=P*/2mkT (= Bo /KT (ic/kT (2.35)

and so the total number density for all momenta is

n= 4;—39 OOpze*pQ/zkae*Eo/kTe'uC/kT dp. (2.36)

e The integral is straightforward and gives an expression
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e Another way to write this is
3
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Since we are assuming that the term on the left is small (since pu. < —1), then the right hand side
must also be small. Specifically, n7~3/2 cannot be too large. If that were the case, then we would not
be able to ignore the +1 term in the distribution function.

e Returning to the definition of gas pressure in Equation (2.12), we can compute the integral to find

A w1/2

P= gﬁ%(2kaT)5/%*Eo/ KT fte/ kT (2.39)

e Using the generalized number density from Equation (2.37), this gives what you thought it would
P = nkgT [dynecm™2]. (2.40)

This is the equation of state for an ideal gas.
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e Similarly we can compute the internal energy density from Equation (2.13)
3 3 _3
u= §nk’BT = iP; [erg cm ™. (2.41)

e Note that the units of pressure and internal energy density are the same.

e From what we saw before with the mean molecular weight, we can also express these quantities as

p

= 2.42
" pmey’ (2.42)

kT
p = B (2.43)
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T
p - PEL (2.44)
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where p is the mean molecular weight, and R = kg/m, is the ideal gas constant R = 8.31 X

107 erg K~ ' mol~!.

EXAMPLE PROBLEM 2.1: Instead of arriving at Equation (2.41) through the energy formulation, one can
use velocity to show that the average internal kinetic energy per particle is 3/2kg7. Hint: Start with the
Maxwellian distribution for a classical gas in velocity (Equation (2.34)) and then compute the mean square
speed (v?). The integration limits of v should be from zero to infinity.

Answer: The mean square speed can be written as
)= [ o),
0
where f(v) is the Maxwell distribution. One can (and should) use a table of integrals to find that

e, (2k—1)N fmy1/2
e ae= S (5)

where, in our case, n = 2k and a = m/2ksT > 0. Note the double factorial, which, for k =2, is 3 x 1 = 3. The

result is o )
2 m 3 rl/2
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and after cancellation becomes
2
(v%)

The kinetic energy is then 1/2m(v?) = 3/2kgT, precisely what we set out to prove.
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