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Figure 3.6: Convection study of a low-mass model with an outer convection zone. The top panel shows the three gradients
in the interior. The bottom panel shows the squared buoyance frequency for the same model.
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3.3.5 Physical conditions for convection onset

e Where in various types of stars does convection occur?

e Consider first energy transport by radiation. Recall Equation (3.35) which is reproduced here:

o _(dmT\ _ 3 PxL
rd =\ qIn P rad_167racGT4m’

e Another convenient form from substituting an equation of state is
3/@‘13 Kk L 14
Viad = L2 (3.68)
e These are the gradients required to transport all the luminosity (L) by radiation. Keep in mind that
L = L(r) and m = m(r).
e The radiative gradient V ,q is a spatial derivative connecting P and T in consecutive mass shells.

e The adiabtic gradient V,q describes the thermal variation of one mass element upon an adiabatic
compression.

e Anyway, for instability we can now write
V = Viaq > Vada (369)

which, if satisfied, allows for convection to take place.
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Figure 3.7: Convection study of a hig-mass model with a core convection zone. The top panel shows the three gradients
in the interior. The bottom panel shows the squared buoyance frequency for the same model.

e So, a superadiabatic temperature gradient induces convective motions.

e The efficiency of convection (heat transport) increases when convection itself drives the temperature
gradient very close to an adiabat.

e Examining the condition in Eq. (3.69), we see that convection may occur if
— L/m is large. Think of this as L/m ~ dL/dm = ¢ at small m (near the core). The energy
generation rate is huge in massive stars in the cores, so many massive stars have convective cores.

— kislarge. This is satisfied in the outer parts of less-massive stars, or with low surface temperatures
and ionization zones of hydrogen (Sun).

— p/T? is large. Happens typically in the outer parts of relatively cool stars. In fact, this ratio
increases rapidly as the effective temperatures go down.

— Vaa =1 — 1/~ is small. Satisfied in the ionization zone of hydrogen, in outer parts of cool stars
where v gets small (increased specific heat).

e n = 1.5 polytropes are good models for convective regions, as this corresponds to v = 5/3.

e Figures 3.6 and 3.7 show how the relevant gradients appear in two stellar models. Also shown are the
buoyancy frequency variations.

3.3.6 Mixing length theory

e How does the convection actually transfer the energy?

e We have previously shown how convection can take place by considering a blob displaced from its
equilibrium position.
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e The blob is hotter than its surroundings.

e This blob rises with a velocity up to a point where a new hydrodynamic instability sets in, whereby
the motion becomes turbulent and the blob dissolves, depositing its heat in the surroundings.

e The exact details of this process are still unknown and are a subject of much research. For solar
convection, the most sophisticated numerical simulations carried out on the fastest computers take an
order of magnitude more computation time than the solar “time” they are trying to simulate, and that
is just for a small section of the Sun.

e In comparison, computing the solar model over the Sun’s lifetime, with a simple model of convection,
takes a couple minutes.

e Remember that the radiative flux L/4mr? is

o dac T3 dT _ dacG mT*
rd T TS g dr 3 wPr2 )

using hydrostatic equilibrium. V is the actual stratification.
e Neither F,,q or V are really known, since radiation only carries some of the star’s flux.

e But we did note that the temperature gradient required to carry all of the stellar luminosity is V;aq.
If this includes convection, the total flux then is

4
dacimT” o (3.70)

Ftot:Frad+Fconv: 3 W ra.

e A very reasonable convective flux for a parcel in pressure equilibrium is its heat content multiplied by
the mass flux:
Feonw = puepAT. (3.71)

e All that’s left to do is find p, v and AT of the blob.
e AT =T; — T is the excess heat of a rising parcel of gas with respect to its surroundings.

e Assume a parcel moves a distance £ before dissolving into the background material, so that at any
given time, a typical parcel will have moved ¢/2. The temperature difference between the parcel and

the gas is
dT; dT\ ¢
AT =T,—-T= L .72
( dr dr) 2 (8:72)
e Multiply by the pressure scale height Hp = — (dIn P/d?")f1 and divide by T
AT 14

e If the parcel remains in pressure equilibrium, assuming a general equation of state, then changes in its
density are

dp dT 4
L= = (V= V) —, 3.74
7 = i = 0V = Vi) (3.74)
where dl
__4amp
= ImT (3.75)
e Since the density difference implies a buoyancy force —g(p; — p), there is work that goes into moving
the parcel
14 0?
—g(pi—p)5 =9gpd(V — Vi) — (3.76)

2 4H,
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Suppose half of the work goes into the kinetic energy of the parcel, and the other half goes into the
surroundings, moving it aside. The velocity is then

o2 — 695(V*V1)_

1 i, (3.77)

We get for the convective flux then that
Fume = pe,T(g0) /22 H=3/2(v — v,y 3.78
conv = pepT(g8)™ = H ™/ =(V = )/~ (3.78)

It is possible to compute V;, because as the parcel moves its internal energy will change because of
radiative losses and adiabatic expansion/contraction. One finds

Vi—Vad 6acT?

V-V, rplcul’ (3.79)

The overal problem can now be solved. Five new equations for the 5 unknowns Fiaq, Feonv, v, V, and
Vi. The mizing-length parameter o = ¢/ Hp is used as a free parameter, chosen to match observations.

Solutions can be found in the literature. Limiting cases are interesting. In dense regions of a star,
V — Vaa. A gradient just over the adiabatic limit is all that is necessary to transport all of the
luminosity.

Near stellar photospheres, V — V.4, and convection is ineffective so F' — Fy.q.
In between these limits, the mixing-length equations need to be solved.

Near the surface, convection does not transport energy efficiently, since convective flux is proportional
to the the density which is quite low.

It is also proportional to the mixing length which has to be small. So the only way for convection to
dominate is if & can get large. This means it has to be very far from adiabatic.

We know this because we see granulation, which typifies the size of convective elements, about 10 3 R,.

dInT dlnT]?
teonv — tayn- 3.80
«© [(dlnr)ad dlnr} b (3.80)

The convective time scale

This timescale is a dynamical time scale, but since the gravitational acceleration is reduced because of
the difference in density that comes into all of this, the timescale is increased by that pre-factor.

That prefactor in the Sun is of order 1079, and we find convective time scales teony ~ 0.2 yr.

This is still small compared to evolution. Matter mixes over such a time scale in the convection zone.

3.3.7 Convective overshoot

We briefy mention this here because it has very important implications for stellar modeling.
The parcels we consider unstable to convection will eventually reach a stable layer.
However the momentum causes them to overshoot the boundary into this stable layer.

For example, this is why we see granulation in the solar photosphere (which is stable).

One important consequence of this overshoot is the deposition of convectively mixed material into
stable regions, which can affect the thermal structure as well as evolutionary properties.



3.3. CONVECTION 81

3.3.8 Depth of outer convection zones

We’ve seen where convection tends to set in, but how large are these regions and what do they depend
on?

To first order the depth depends on T, since this determines where ionization layers are.
Stars with lower surface temperatures achieve H ionzization at deeper depths with higher pressure.
So for cool main-sequence stars, outer convection zones can extend deep, even to the center.

For hotter stars, up to about 8000K, ionization occurs higher and higher in the atmosphere, and the
convective shells of these stars can be very thin.

The depth can also depend on chemical abundances.
Consider a star with relatively high He abundance.
The larger mean molecular weight corresponds to lower pressures at a given layer.

He ionization, which can cause a convective instability, thus happens at a deeper layer, or higher
temperature.

Convection zones will be deeper for He-rich stars.

For metal-poor stars, the opacity is reduced and therefore the radiative temperature gradient gets
reduced, reducing the convective instability.

Metal-poor stars will have shallower convection zones than metal-rich ones.
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